
N O T A T I O N  

s, to ta l  su r face  of the t h e r m o e l e c t r i c  e lement ;  So, sl,  su r f aces  of the cold and hot contacts ,  r espec t ive ly ;  
Z, t h e r m o e l e c t r i c  e l emen t  su r face  outside the contac ts ;  v, volume of the t h e r m o e l e c t r i c  e lement;  u, e lec t r i c  
potential ;  Uo, u i, potent ia ls  of the cold and hot contacts ;  i cu r r en t  densi ty  vec tor ;  ~, 7,, e l ec t r i ca l  conductivity 
and t h e r m a l  conductivi ty;  ~ ,  absolute  t h e r m a l  emf;  z = c ~ z a / h ;  T,  absolute  t e m p e r a t u r e ;  To, T1, t e m p e r a t u r e s  
of the cold and hot contac ts ;  T ' ,  t e m p e r a t u r e  at  an a r b i t r a r y  point on the t h e r m o e l e c t r i c  e l emen t  with no c u r -  
ren t  and at T O ~ T1; T" ,  t e m p e r a t u r e  at an a r b i t r a r y  point on the t h e r m o e l e c t r i c  e lement  with cu r r en t  T O = 
T1; ~ = T--To; ~' = T ' - -To ;  ~"  = T"--To;  V 2, Lap lace  ope ra to r ;  V, Hamil tonian ope ra to r ;  qF = --~VT, conduc- 
t ion h e a t - t r a n s f e r  vec to r ;  qF1 = - -~VT ' ;qF2  = - -~  VT";  QF1 , heat  conduction through contact  su r f aces  with 
no cur ren t ;  Q j ,  to ta l  power  of in te rna l  Jou le  heat  sou rces ;  ~, f rac t ion  of the total  power  of the in terna l  sou rces  
t r a n s f e r r e d  by heat  conduction to the su r face  s o at T O = T1; ~ =~*  + eu + e a T ;  ~*,  chemica l  potential;  e, 

c a r r i e r  cha rge  I= ~ i.ds., e l ec t r i c  cu r r en t ;  s# ,  equipotontial  su r face ;Q~ is o = ~ ToI, P e l t i e r  heat  absorbed  on 
s~ 

a c o l d  contact;  Q~ is 0 = ~T l I ,  P e l t i e r  heat  gene ra t ed  at a hot contact;  r  f o r m  fac tor ;  Q0, heat  r emoved  f rom 
cold source ;  Q1, heat  supplied to hot source .  
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G E N E R A L I Z E D  S T A T I C  

O F  T H E R M O R E S I S T O R S  

VOLT--AMPERE C H A R A C T E R I S T I C S  

I .  Z .  O k u n '  UDC 536.531 

S imi la r i ty  c r i t e r i a  a r e  obtained fo r  s ta t ic  v o l t - - a m p e r e  c h a r a c t e r i s t i c s  of t h e r m o r e s i s t o r s  and 
for  t h e r m o r e s i s t o r s  included in a c i rcui t .  A technique is  desc r ibed  for  a s impl i f ied g raph ic -  
analyt ical  des ign of a c i rcu i t  with a t h e r m o r e s i s t o r  and ru les  a re  given for  modeling t h e r m o -  
r e s i s t o r s  where  the d iss ipa t ion  coeff ic ient  va r i e s .  

1. S i m i l a r i t y  C r i t e r i a  f o r  S t a t i c  V o l t - - A m p e r e  

T h e r m o r e s i s t o r  C h a r a c t e r i s t i c s  

We begin with the asstunption that  the t e m p e r a t u r e  T is  constant  over  the ent i re  volume of the t h e r m o -  
r e s i s t o r ,  which is  approx imate ly  t rue  [1, 2] when 

Bi << 1 (1) 

(Bi is  the Biot number) .  

We can  wr i te  the hea t -ba lance  equation for  a t h e r m o r e s i s t o r ,  re la t ing the cu r r en t  i and the voltage u on 
it  with the envi ronment  t e m p e r a t u r e  T e and the d iss ipa t ion  coeff icient  H: 
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ui -- u2 = i~Rr = H ( T - -  Te L (2) 
Rr 

In general ,  we can write the following express ions  for the quantities R T and H: 

Rr  = RoFe ( - ~ - )  = RoFR (O), (3) 

( T T e ) = H o F H ( O ,  Oe) ' (4) H = HoFH "B ' B 

where R 0 and H 0 are  constants,  having the dimensions of res i s tance  and dissipation coefficients,  respect ively;  
B is a constant,  having the dimensions of t empera ture ;  | = T /B  and | = Te /B  are normal ized  values of the 
t h e r m o r e s i s t o r  and environment t empera ture ;  and F R and F H are  functions of the dimensionless  argument | 
giving R T and H as a function of t h e r m o r e s i s t o r  t empera tu re  (H depends, in addition, on the tempera ture  T e 
of the surrounding environment  and, therefore ,  on the pa rame te r  | 

The methods of s imi lar i ty  and dimensional analysis  are applicable only when the conditions 

F~ (0) = idem, (5) 

FH ( e ,  ~)e) = idem (6) 

hold for  the vo l t - -ampere  cha rac t e r i s t i c s  being considered.  

Condition (6) can be cons idered  to hold in mos t  cases  (although approximately),  since, f i rs t ,  the dissipa-  
tion coefficient of t h e r m o r e s i s t o r s  depends only slightly on the t empera tu res  T and Te, and when these vary-, 
e .g . ,  in a range on the o rder  of 100~ H var ies  only by some tens of percent  [1-3]; secondly, the dependence 
H = f(T, Te) is qualitatively the same for  different types of t h e r m o r e s i s t o r s  (the quantity H increases  both 
with inc rease  of excess  t empera tu re  ~T = T--T e of the t h e r m o r e s i s t o r  relat ive to the environment at a given 
value of T e and with inc rease  of the environment t empera tu re  Te for a given excess  t empera tu re  z~T). 

In cont ras t  with H, the t h e r m o r e s i s t o r  res i s tance  R T can vary  by a factor  of severa l  tens and even a 
hundred with change of t empera tu re  T over a range an the order  of 100~ (e. g., for t h e r m o r e s i s t o r s  with a 
c r i t i ca l  t empera tu re  [4, 5]), and the law can be different (compare,  e .g . ,  the pos is tor  and the ordinary 
the rmores i s to r ) .  Therefore ,  it is very  important  that condition (5) hold for s imi lar i ty  of the vol t - -ampere  
cha rac t e r i s t i c s  being compared,  and this is t rue  for  t h e r m o r e s i s t o r s  of a single type and somet imes  even for 
entire c lasses  of t h e r m o r e s i s t o r  [e. g., for  t h e r m o r e s i s t o r s  FR(| ) = exp(t/| = idem]. 

Assuming that conditions (5) and (6) hold, it is  easy to obtain the following expression for the cur rent  i 
and the voltage u on the t h e r m o r e s i s t o r  f rom Eq. (2): 

i ~ FH (O, Oe) (O -- Od 

R| 
U ~ 

BHoRo 

F~ (o) 
= F~ (O, Oe), (7) 

= F~ (O) F .  (O, %~ (o - -  Oe~ = F,, (O, ee). is) 

We now introduce the following normal ized  dimensionless  quantities: the voltage fi on the the rmores i s to r ,  
the cur ren t  [ flowing through it, and the res i s tance  ! T : 

u =  u _ _ =  u ~ = ~ =  i Rr Rr 
r,,o VBM--a ' m, - Ro (9) 

V Ro 

Here  

mo = V B ~ ,  m, = If BHo, m,~ = Ro (10) 
I / Ro 

are assumed to be the measurement  sca les  of voltage, current ,  and res is tance ,  respectively.  

It follows f rom Eqs. (7) and (8) that the normal ized  dimensionless  vol t - -ampere  cha rac te r i s t i c s  of 
"homogeneous" t h e r m o r e s i s t o r s  [in the sense of conditions (5) and (6)] are  a family of curves  dependent only 
on a single p a r a m e t e r  -- the normal ized  environment t empera ture  | -- and for  them the s imi lar i ty  pa ram-  
e te r  is 
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u ----- F(i, 0a .  (11) 

This  r e su l t  was obtained in [6-8] for  a p a r t i c u l a r  case  [H = const ,  R T = A exp(B/T)].  

H e r e  we note p a r t i c u l a r l y  that  it was  a s sumed  in the der iva t ion  [see Eq. (3)] that  the t h e r m o r e s i s t o r  
r e s i s t a n c e  as a whole i s  de t e rmined  by the t e m p e r a t u r e  T and does not depend on other  f ac to r s  (this provis ion  
is  not sa t is f ied,  e .g . ,  by p o s i s t o r s ,  whose r e s i s t a n c e  a lso  depends on the applied voltage,  and this g ives  r i s e  
to  the so -ca l l ed  " v a r i s t o r  effect" [4]). 

2.  S i m i l a r i t y  P a r a m e t e r s  f o r  T h e r m o r e s i s t o r s  

I n c l u d e d  i n  a n  E l e c t r i c a l  C i r c u i t  

We cons ide r  an a r b i t r a r y  c i rcu i t  consis t ing of a voltage source ,  l inear  r e s i s t a n c e s ,  and a single t h e r m o -  
r e s i s t o r .  The cu r r en t  i flowing through the t h e r m o r e s i s t o r  i s  

i = ueq , (12) 
Rr + req 

where  the vol tage Ueq and the r e s i s t a n c e  req  can be de te rmined  f r o m  the equivalent g e n e r a t o r  theorem [9]. 

Substituting Eq. (12) into Eq. (2), and p e r f o r m i n g  some  s imple  t r an s fo rma t ions  using Eqs. (3) and (4), 
we obtain 

F .  (O, Od (O- -  Oe~ [FR (O) +7~q ]2 = ~ q ,  (13) 
FR (0) 

where  ~leq and req  a re  the n o r m a l i z e d  d imens ion les s  voltage Ueq (Ueq = Ueq/mu) and r e s i s t a n c e  req  (req = 
r eq /mR) .  It  follows f r o m  Eq. (13) that  the n o r m a l i z e d  t h e r m o r e s i s t o r  t e m p e r a t u r e s  and, the re fo re ,  the i r  
r e s i s t a n c e s  FR(| ) a r e  given by the t h r ee  d imens ion less  p a r a m e t e r s  

- ueq - req , Oe-- Te (14) 
U e q -  V'BH--H-~ ' req = R0 " B 

ins tead  of the s ix or ig inal  d imens ional  p a r a m e t e r s :  R0, B, H0, Te,  Ueq, and req. These  th ree  p a r a m e t e r s  
a lso  de t e rmine  the no rma l i zed  c u r r e n t s  1 through the t h e r m o r e s i s t o r  and the vol tages  u a c r o s s  it, as  follows 
f r o m  Eq. (12), which can be conver ted  to the f o r m  

FR (0) + req 

It  fol lows f rom the above, in par t icu lar ,  that a change in the heat- t ransfer  conditions (in the dissipation 
coeff icient H0) of the thermores is tor  can be modeled by a change in the supply voltage u 0. Here we assume 
that  the t e m p e r a t u r e  dependence of the d iss ipa t ion  coeff ic ient  FH(| Oe) r e m a i n s  the s ame  and that condition 

(1) holds. 

In fact ,  in a change of d iss ipa t ion  coeff ic ient  f r o m  H01 to a new value H02, only the p a r a m e t e r s  Ueq: 
fieq 2 = ~ e q l ~  2 change.  However ,  the new value of the p a r a m e t e r  Ueq 2 can be obtained even for  an un- 

changed quantity H 0 = Hol = const  by a change in the c i rcu i t  supply voltage u 0 : u02 = U o l ~  (since Ueq is  
d i rec t ly  p ropor t iona l  to Uo). Thus,  an i n c r e a s e  in the d iss ipat ion coeff icient  H 0 by a fac tor  of m is  equivalent 
to a d e c r e a s e  by a f ac to r  of v ~  in the c i rcu i t  supply vol tage;  the no rma l i zed  c u r r e n t  i and voltage u on the 
t h e r m o r e s i s t o r  a r e  the s ame  in the two cases .  

We now conver t  f r o m  the n o r m a l i z e d  quanti t ies  u and i to the o rd inary  d imensional  values  u and i. In 
the ca se  of var ia t ion  in H 0 the vol tage u and the cu r r en t  i (for given values of 5 and i) depend on H 0 as follows 

[see Eq. (9)]: 

,/BH. 
u = u V~-BoRo, ~ = 7 V - - ~ - o  " 

In the ca se  of va r i a t ions  in u0, the absolute  values  of u and i do not depend on u 0 when the no rma l i zed  values 
u and~ a re  given. Taking into account  this  d i f fe rence ,  we can finally formula te  a rule  fo r  modeling var ia t ions  
in the conditions of heat  t r a n s f e r  f rom t h e r m o r e s i s t o r s :  "An i nc r ea se  (or decrease)  in the diss ipat ion coef-  
f icient  of t h e r m o r e s i s t o r s  by a fac tor  of m can be modeled  by a d e c r e a s e  (or an increase)  by a fac tor  of 
in the supply vol tage;  h e r e  the c u r r e n t s  and vol tages  m e a s u r e d  in the model ing mus t  be inc reased  (or decreased)  
by a f ac to r  of ~ , ,  cor responding ly ,  w 
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3. S i m p l i f i e d  G r a p h i c - A n a l y t i c a l  C i r c u i t  D e s i g n  P r o c e d u r e  

w i t h  a T h e r m o r e s i s t o r  u n d e r  S t a t i c  C o n d i t i o n s  

We now consider  the mos t  var ied  c lass  of t h e r m o r e s i s t o r s  --  t he rmi s to r s  whose res is tance  R T var ies  
with t empera tu re  according to the law 

R r = R e e x p (  B B ) .  (15) 
r re  

When the environment t empera tu re  T e var ies  over severa l  tens of degrees ,  and when the t he rmores i s to r  
excess  t empera tu re  relat ive to the environment is on the same order ,  the dissipation coefficient tt of the 
t h e r m o r e s i s t o r  may be constant,  to a f i r s t  approximation [3]: 

H = H o ~ const. (16) 

We now consider  the new variable 

in place of the t he rmis to r  t empera tu re  T. 
to 

Using Eqs. (15)-(18), 

o r  

B B 
x . . . .  (17) 

:re T 

The excess  t empera tu re  relat ive to the environment is then equal 

BT~ r~ x 
T - - T  e = B - - x T e  T e = - - ~  " l _ _ O e X .  (18) 

we can t r ans fo rm t h e r m o r e s i s t o r  heat-balance equation (2) into the following form: 

U 2 X exp (-- x) (19) 
HoReTe 1 - -  Oex 

B 

~2 X 

HoT e -- 1--  @e~C expx" (20) 

BRe 

We consider  the normal ized  dimensionless  voltage ~ over the t h e r m o r e s i s t o r  and the normal ized  current  
flowing through it: 

u -  u T =  
' -, /-w0 (21) 

re o r .  1 

Here 

/.o 
M u ---- :r e , M~ -= T e BRc (22) 

have been adopted as the voltage and cur ren t  measuremen t  scales,  respectively.  

The normal ized  dimensionless  vo l t - -ampere  t he rmi s to r  cha rac t e r i s t i c s  are  thus given paramet r ica l ly  
by the following equations: 

V ( : )  �9 u = 1 - -  Oe~ exp - -  , 1 - -  Oe~ exp -~-. 

We shall show that with the above normalizat ion,  the dimensionless  vol t - -ampere  t h e r m o r e s i s t o r  cha rac t e r i s -  
t ics  are  prac t ica l ly  independent of the environment t empera tu re  over  a range of severa l  tens of degrees  [only 
the scales  M u and Mi, into which the quantities T e and R e = f(Te) enter,  depend on the environment t empera -  
ture  Te]. 

In fact,  it follows f rom Eq. (23) that for a variat ion in the environment t empera ture  Te over a range 
•  e about its mean value 7e, the relat ive var ia t ion in the normal ized  voltage and cur ren t  values A~/fi and 
z~/i ' ,  for a given value of x = in (RT/Re)  do not exceed the quantity 7, equal to 

x AT.e 
7 "~ (24) 

2 (1 - -  O~x) B 
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(here O~ = Te/B).  F o r  an envi ronment  t e m p e r a t u r e  change in the range  2AT e -- 100~ and for  a t h e r m i s t o r  
exce s s  t e m p e r a t u r e  r e la t ive  to the env i ronment  on the s a m e  o rde r  

x 1, ATe N 10_ z 
2 (1 - O~x) B 

and thus the re la t ive  d i sp lacemen t  T of the no rma l i zed  v o l t - - a m p e r e  c h a r a c t e r i s t i c  along the path R T = u / i  = 
cons t  (x = coast)  fo r  an env i ronment  t e m p e r a t u r e  change within the above range  does not exceed a few percent .  

F r o m  this  we can der ive  the following technique fo r  g raph ic -ana ly t i c  design of c i rcu i t s  with t h e r m o -  
r e s i s t o r s :  

1) We cons t ruc t  a n o r m a l i z e d  v o l t - - a m p e r e  t h e r m i s t o r  c h a r a c t e r i s t i c  u = F( i ,  | cor responding to 
the ave rage  envi ronment  t e m p e r a t u r e  r e in the range  of change; 

2) using the equivalent  g e n e r a t o r  t h e o r e m  we ca lcula te  the voltage Ueq and the r e s i s t a n c e  req; 

3) fo r  the given specif ic  va lues  of envi ronment  t e m p e r a t u r e  T e and diss ipat ion coeff icient  H 0, we ca l -  
culate  the t h e r m o r e s i s t o r  r e s i s t a n c e  R e = f(Te), the m e a s u r e m e n t  sca les  for  voltage M u , and the normal i zed  
va lues  of vol tage Ueq = Ueq/Mu and. r e s i s t a n c e  r e q  = r e q / M R  (MR = Mu/Mi = Re is the r e s i s t a n c e  m e a s u r e -  
ment  scale) ;  

_ . 2 _  

4) we draw the loadline Ueq--1 req,  de t e rmine  the point A whe re  it  i n t e r s ec t s  the normal i zed  v o l t -  a m p e r e  
c h a r a c t e r i s t i c ,  and the t h e r m o r e s i s t o r  r e s i s t a n c e  at this  point ( f i rs t  the no rma l i zed  value RA = UA/~A and 
then the o rd ina ry  d imens iona l  value RA = RARe).  Knowing RA, it  i s  e a sy  to de te rmine  the des i red  values of 
c i rcu i t  c u r r e n t  and vol tage using the wel l -known re la t ions  for  l inear  c i rcui t s .  

Thus,  in this  design method,  only the loadline is  a l te red ,  and not the t h e r m o r e s i s t o r  vo l t - - ampe re  
c h a r a c t e r i s t i c  when the env i ronment  t e m p e r a t u r e  T e and the d iss ipa t ion  coeff ic ient  H 0 vary.  

4.  T h e r m o r e s i s t o r  V o l t - - A m p e r e  C h a r a c t e r i s t i c s  a t  

a n  E x t r e m e  P o i n t  

The t e m p e r a t u r e  T m at an e x t r e m e  point of the t h e r m o r e s i s t o r  v o l t - - a m p e r e  c h a r a c t e r i s t i c  is  given by 

the well-known expres s ion  

T,~ = -~ -  

o r  

On~- T m _ 1 (1 - - ] / 1 - -40e ) .  (25) 
B 2 

The v o l t - - a m p e r e  c h a r a c t e r i s t i c s  of t h e r m i s t o r s  have a voltage m a x i m u m  only for  | < 0.25. Expanding the 
expres s ion  under  the square  root  sign in Eq. (25) in a s e r i e s  in t e r m s  of 4@ e, we eas i ly  obtain the following 
re la t ions  for  the n o r m a l i z e d  values  of t h e r m o r e s i s t o r  excess  t e m p e r a t u r e  and power  d iss ipat ion at the ex t r eme  

point: 
Aem = o.~ - -  e e =  0~(1 + 2 e e +  5 0 ~ +  14e~ + . . . ) ,  (26) 

P m =  Hm (Tin - -  re)  = BHm AO,, = BH~,O~(1 .'--20e-5 5 e l +  1 4 0 ~ + . . . )  (27) 

(H m is  the diss ipat ion coeff icient  in the vicini ty of the e x t r e m e  point). 

In p rac t i ce ,  in m o s t  c a s e s  @e ~- 0.04-0.15 (B ~ 3000-6000~ Te  ~ 250-450~ and the s e r i e s  in Eqs. 

(26)-(27) converge  rapidly.  

Having fo~md the quant i t ies  A8 m and Pro, and using the cor responding  s e r i e s  expansions in t e r m s  of 
the p a r a m e t e r  | we can eas i ly  ca lcula te  Rm, U m, and Ira: 

1 - o o -  T O o - -  - -  O e  - -  �9 rm = R e e x  p - -  1-~ ~ - - ) ]  R~ = P~ exp -- ~ e 

~/ H.BR~(I. , Oe j___5 0~+ 53 0.+~ .. \ (29) 
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(Eq, (29) for  U m was obtained in [10]), 

im = 1 / /  Pm o , . = o~ V - - ~  ,l ~ - e ~ -  -~- e~ 4s % . . . .  

Equations (27)-(30) can be approx imated  by the following express ions :  

o, ) 
P, , " -B H ,~O  1 - - 2  1- -2 .80r  ' 

Um 

.R,.....,, R.t.. ( 1 Oe ) 
e 1 - - 1 . 8 0 e  ' 

- -  e 2 l ~ ! . 5 0 e  

(30) 

(31) 

(32) 

(33) 

(34) /Fe--B-~m (1 3 @~ ) , 
,r,,, .-.. e,,]. /  ~ - ~ "  i : - 2 Y s e ~  

For  a change in the p a r a m e t e r  | = T e / B  in the range 0 -< | - 0.2, the e r r o r  in using Eq. (33) does not 
exceed 0.2%, and when using Eqs. (31), (32), and (34), the e r r o r  does not exceed 1%, in compar i son  with the 
exact  va lues  of Pm,  Rm, Urn, and I m. 

F r o m  the above re la t ions  (33) and (34) we can obtain a s imple  analyt ical  exp re s s ion  for  calculating the 
vol tage U r e  q cor responding  to the onset  of a re lay  effect  in the t h e r m o r e s i s t o r  a r m ,  for  0 5 req < l r d l :  

Ureq _~_U,, req[,, "~ 0 e -- 1 2 l - - l .50e  -:-e ~ 2 1--2.750 e " 

It can be shown that  the d i f ferent ia l  r e s i s t a n c e  at the knee point is  

5 - -  1 (l_3@e) exp (--  ]/'5). 

Relat ion (35) can be used  to design dew-ices which use  the re lay  effect  in a c i rcu i t  with a t h e r m o r e s i s t o r .  
e r r o r  in calculat ing U r e q  using Eq. (35) with 0.03 - | < 0.25 does not exceed ~ ~o. 

(36) 

The 

N O T A T I O N  

T, Te,  t e m p e r a t u r e s  of t h e r m o r e s i s t o r  and the surrounding environment ;  RT, Re, t h e r m o r e s i s t o r  
r e s i s t a n c e s  at t e m p e r a t u r e s  T andTe;  u, vol tage over  the t h e r m o r e s i s t o r ;  i, cu r r en t  through the t h e r m o r e s i s t o r ;  
Tin, t h e r m o r e s i s t o r  t e m p e r a t u r e  co r r e s pond ing to  an e x t r e m e  point; |  | no rma l i zed  d imens ion less  values  of  
t e m p e r a t u r e s  T m and Te;  x, auxi l iary  var iab le ;  ~, t ,  [tT, no rmal i zed  values of voltage,  cu r ren t ,  and r e s i s -  
tance;  m u (Mu), mi  (Mi), m R, rap, m e a s u r e m e n t  sca les  for  voltage,  cu r ren t ,  r e s i s t ance ,  and power;  Ueq, 
req , values  of voltage and r e s i s t ance  ,determining the cu r r en t  through the c i rcu i t  b ranch  containing the 
t h e r m o r e s i s t o r ;  Urn, Ira, Rm, Pm,  voltage over  the t h e r m o r e s i s t o r ,  cu r ren t  through it, t h e r m o r e s i s t o r  
r e s i s t ance ,  and power genera ted  in the t h e r m o r e s i s t o r ,  cor responding  to the ex t r eme  point of the vo l t - - ampe re  
c h a r a c t e r i s t i c ;  rd, d i f ferent ia l  t h e r m o r e s i s t o r  r e s i s t a n c e  at the knee point of the v o l t - - a m p e r e  cha rac t e r i s t i c ;  
7, r e la t ive  d i sp lacement  of the v o l t - - s m p e r e  c h a r a c t e r i s t i c  along the path  R T = const;  U r eq, the voltage Ueq 
cor responding  to the onset  of the re lay  effect  in a c i rcu i t  with a t h e r m o r e s i s t o r .  
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M O L E C U L A R - K I N E T I C  G E N E R A L I Z A T I O N  O F  T H E  

H E A T - T R A N S F E R  E Q U A T I O N  

V.  L .  K o l p a s h c h i k o v  a n d  A .  A.  B a r a n o v  UDC 533.72 

Star t ing f rom m i c r o s c o p i c  theory ,  the authors  gene ra l i z e  the heat -conduct ion equation to the 
ca se  where  the g rad ien t s  in m o l e c u l a r  t r a n s p o r t  ve loc i t i es  va ry  apprec iab ly  over  a mean  f r ee  
path. 

To obtain a hydrodynamic  desc r ip t ion  of a r a r e f i e d  gas  as a continuous med ium one usually begins f rom 
the Bol tzmann equations and uses  the method of succes s ive  approx imat ions  to der ive  the equations of an ideal  
c o m p r e s s i b l e  fluid, the Nav ie r - -S tokes  equations,  the Barne t t  equations and the s u p e r - B a r n e t t  equations. How- 
eve r ,  in the work of Predvodi te lev  [1, 2] and T r u e s d e l l  [3, 4] it was noted that  equations of higher  o rder  than the 
Navie r - -S tokes  equations st i l l  give a poor  descr ip t ion  of the behavior  of a r a r e f i ed  gas  (at l eas t  no be t te r  than 
the Navie r - -S tokes  equations). Severa l  d i f ferent  approaches  f r o m  this bas i s  have been suggested.  Fo r  ex-  
ample ,  in the work  of Val lander  [5, 6] a method was sugges ted  for  genera l iz ing  the Bol tzmann equation, with 
subsequent  t rans i t ion  to equations of hydrodynamic  type. Severa l  modif ica t ions  of the Navier - -S tokes  equations 
have been p roposed  by Ladyzhenskaya  [7]. 

Predvodi te lev  [1] genera l i zed  the Navie r - -S tokes  hydrodynamic  equations,  using the Maxwell method [8] 
and s ta r t ing  f rom the molecu la r -k ine t i c  bas i s  of the hydrodynamic  equations. The Maxwell approach to 
der iving the equations of mot ion of a v iscous  fluid f rom the kinetic theory  of gases ,  in con t r a s t  with the method 
of der iving the hydrodynamic  equations f r o m  the Bol tzmann equations,  as developed in the work of Enskog 
and Chapman [9], does not r equ i re  knowledge of the dis t r ibut ion function and is  based on the following a s s u m p -  

tion. 

The t r a n s p o r t  ve loc i t i es  of the two colliding molecu le s  a r e  equal; this  means  that a continuum in motion 
has a f i l amen ta ry  s t ruc tu re ,  i .e. ,  the min imum dimensions  of the je t s  co r r e spond  to the mean  dis tance 
between molecu les .  The f i r s t  to give attention to the poss ib i l i ty  of genera l iz ing  this hypothesis  was P r e d -  
vodi te lev [1], who s t r e s s e d  that  the phys ica l  si tuation cor responding  to Maxwell '  s hypothesis  will not hold for  
mot ion of a continuum at la rge  enough speed nea r  a wall or  when vor t i ces  a re  generated.  In addition, the 
breakdown of the Maxwell  hypothesis  that  the m o l e c u l a r  t r a n s p o r t  speeds  a re  equal will be evident in motion 
of a r a r e f i e d  gas ,  when the flow d imens ions  a r e  comparab l e  with the ave rage  dis tance between molecules .  
The Predvodi te lev  hypothesis  was fu r the r  developed in r ega rd  to genera l iza t ion  of the equations of hydro-  

dynamics  in the work of Bubnov [10, 11]. 

In the p re sen t  pape r  the concept  of work [1] is  used to der ive  a genera l i zed  heat-conduct ion equation for  
a r a r e f i e d  gas ,  when the g rad ien t s  of the t r a n s p o r t  speeds  va ry  apprec iably  over  a mo lecu la r  mean  f ree  path. 

1. D e r i v a t i o n  o f  t h e  B a s i c  E q u a t i o n  

To der ive  a genera l i zed  heat-conduct ion equation we begin f r o m  the energy  equation, obtained f r o m  

m i c r o s c o p i c  t heo ry  [12]: 
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